The Detweiler-Barack-Sago redshift function for particles moving along slightly eccentric equatorial orbits around a Kerr black hole is currently known up to the second order in eccentricity, second order in spin parameter, and the 8.5 post-Newtonian order. We improve the analytical computation of such a gauge-invariant quantity by including terms up to the fourth order in eccentricity at the same post-Newtonian approximation level. We also check that our results agrees with the corresponding post-Newtonian expectation of the same quantity, calculated by using the currently known Hamiltonian for spinning binaries.
I. INTRODUCTION
Low-frequency gravitational wave signals from binary systems with a very small mass ratio are expected to be detected by planned space-based gravitational wave observatories, such as the forthcoming eLISA [1] . The dynamics of such systems is well described by black hole perturbation theory within the gravitational self-force (GSF) approach. According to this formalism, the motion of the smaller body can be treated as a perturbation of the background gravitational field of the larger body to the linear order in their mass ratio. GSF calculations require advanced mathematical tools to reconstruct the metric perturbation, whose components diverge at the particle's location, so that a suitable regularization procedure is needed to isolate their finite contribution (see, e.g., Ref [2] ).
The major contribution of GSF in the last few years has been the computation of several gauge-invariant quantities, which can be used to compare results between different approximation methods in the overlapping regime of validity. Furthermore, this allows one to validate and inform Post-Newtonian (PN) techniques and numerical relativity (NR) simulations as well as to calibrate the Effective-One-Body (EOB) model [3] [4] [5] . The first such invariant to be calculated was the linear-inmass-ratio change in the coordinate time component of the particle's 4-velocity, or redshift invariant, on a circular orbit around a Schwarzschild black hole, introduced by Detweiler [6] . A complete methodology to perform analytic high PN order self-force computations was developed by Bini and Damour [7] in the framework of ReggeWheeler-Zerilli [8, 9] (RWZ) formalism, allowing them to calculate the redshift invariant at the 9.5 PN level [10] , soon after pushed at the 22.5PN one by Kavanagh and collaborators [11] . The inclusion of the rotation of the background spacetime is first due to Shah, who computed the redshift invariant along circular orbits in Kerr spacetime at 4PN order [12, 13] by using the Teukolsky formalism and a radiation gauge [14] , further improved in Refs. [15, 16] .
The generalization to slightly eccentric orbits was discussed by Barack and Sago [17] still in the case of a nonrotating black hole, who calculated the orbit-averaged value of the redshift invariant for given azimuthal and radial frequencies by using a Lorenz gauge, hereafter the Detweiler-Barack-Sago (DBS) redshift function. High-PN calculations were done in Refs. [18, 19] up to the fourth order in the eccentricity. Higher order terms in the eccentricity were obtained in Refs. [19, 20 ], but at the 4PN level of approximation only. The first analytic computation of the self-force correction to the DBS redshift function for a small mass in eccentric equatorial orbit around a Kerr black hole was done in Ref. [21] , following the standard Teukolsky perturbation scheme. The results presented there gave the redshift contributions mixing eccentricity and spin effects through second order in both eccentricity and spin parameter, and were accurate to the 8.5 PN order. Here we improve this computation by including terms which are fourth order in the eccentricity at the same PN approximation level. We also calculate the corresponding comparable-mass redshift by using the current knowledge of the Arnowitt-Deser-Misner (ADM) Hamiltonian for two point masses with aligned spins [22] , providing an independent check of the first few PN orders in our results.
The masses of the two bodies are denoted by m 1 and m 2 , with the convention that m 1 ≤ m 2 . We define, in a standard way, the mass ratio q = m 1 /m 2 , the reduced mass µ = m 1 m 2 /M and the symmetric mass ratio ν = µ/M , with M = m 1 +m 2 the total mass, and the reduced mass difference ∆ = (m 2 − m 1 )/M = √ 1 − 4ν. The bodies are endowed with spin, denoted by S 1 and S 2 , respectively. We also introduce the dimensionless spin variables χ 1,2 ≡ S 1,2 /m 2 1,2 associated with each body. GSF results are obtained in the limit of small mass-ratio (q ∼ ν ≪ 1) and vanishing spin S 1 = 0 of the smaller body. We closely follow the notation and convention of Ref. [21] . The metric signature is chosen to be −2 and units are such that c = G = 1 unless differently specified. Greek indices run from 0 to 3, whereas Latin ones from 1 to 3.
II. PERTURBATIONS ON A KERR SPACETIME
The background Kerr metric with parameters m 2 and a 2 = a (withâ = a/m 2 dimensionless) written in BoyerLindquist coordinates (t, r, θ, φ) reads
where
Let the perturbation be associated with a particle of mass m 1 moving along a slightly eccentric equatorial geodesic orbit, with four velocity
It is convenient to parametrize the orbit in terms of eccentricity 0 ≤ e < 1 and semi-latus rectum m 2 p so that
where χ ∈ [0, 2π], with p (as well as its reciprocal u p = 1/p) dimensionless. The orbit thus oscillates between a minimum radius r peri (χ = 0, periastron) and a maximum radius r apo (χ = π, apastron). The background motion is governed by the following equations [23, 24] 
Here E and L are the conserved energy and angular momentum per unit mass of the particle, so that E and L/m 2 are dimensionless, together with their combinationx = (L − aE)/m 2 . Their explicit expressions in terms of (u p , e,â) for prograde orbits are given by
respectively, to the fourth order in eccentricity. The radial and azimuthal periods and associated frequencies are
and
respectively, and can be expressed in terms of elliptic integrals. The first terms of their small-eccentricity expansion read
,
respectively. Similarly, the proper time period is defined by
with
The ratio between the coordinate time period and the proper time period then defines the (unperturbed) redshift variable U 0 = T r0 /T r0 .
A. Detweiler-Barack-Sago redshift function
The DBS (inverse) redshift function U is defined as [17] 
where the coordinate time and proper time radial periods now include all conservative self-force corrections referring to the perturbed spacetime metric
with g (0)
µν (x α ; m 2 , a 2 ) being the background metric (1) and qh µν (x α ) the perturbation. The (first-order) selfforce contribution δU to the function (12) is then given by the expansion
which is performed at fixed orbital frequencies, and it is defined in terms of the O(q) metric perturbation h µν by the following coordinate time average [21] δU (u p , e,â) = 1 2
where h uk = h µν u µ k ν (equivalent to the original definition of Ref. [17] in terms of the proper time average of h uu = h µν u µ u ν , being U 0 h uk t = h uu τ ). Finally, it can be conveniently reexpressed in terms of the eccentricity e and dimensionless (inverse) semi-latus rectum u p of the orbit. The expansion of δU (u p , e,â) in powers of e andâ then reads The spin-independent part is known up to e 20 , but at 4PN order only [19, 20] . Higher-PN order computations were done in Refs. [18, 19] up to e 4 . The spin-dependent part mixing spin and eccentricity was computed in Ref. [21] to the second order in both parameters through the 8.5PN order. In this work we improve such a result by including the terms δU (e 4 ,a 1 ) (u p ) and δU
2 ) (u p ) which are fourth order in the eccentricity, at the same PN level.
III. SELF-FORCE RESULTS
For the present computation we closely follow the standard Teukolsky perturbation scheme as discussed in detail in Refs. [14, 25] and already adopted in our previous work [21] (see also the Appendix A there), so we limit below to provide the necessary information on intermediate steps. Our computed quantity h uk t is regularized by subtracting its PN-analytically computed large-l limit (we refer, e.g., to Section IIIB of Ref. [26] for a discussion on the regularization procedure of gauge-invariant quantities and related issues). We give below the subtraction term B of the quantity U 0 h uk t , whose expansion is given by 
The non-radiative multipoles (l = 0, 1) have been computed separately, as in Eq. (138) of Ref. [25] .
We list below the new contributions to the eccentricity-spin decomposition (16) 
IV. PN CHECK
Let us check the first PN terms of our results by using the Hamiltonian description of a two-body system with spin. We use the center-of-mass ADM Hamiltonian, including both linear and quadratic-in-spin terms up to the present knowledge, namely next-to-next-to-leading-order (NNLO) for the linear-in-spin terms and next-to-leadingorder (NLO) for the quadratic-in-spin terms (see Ref.
[22] for a recent review). We will limit ourselves to the case of two point masses with aligned spins, orthogonal to the orbital motion.
A. ADM Hamiltonian
The ADM Hamiltonian of the system reads
The reduced center-of-mass HamiltonianĤ
is a function of the reduced variables R, P r , P φ and the masses and spins of the two bodies. The orbital HamiltonianĤ ADM orb is explicitly known at the 4PN level [27] , but for our purposes it is enough to use it through the 3PN,
The spin-orbit (SO) HamiltonianĤ 
and can be conveniently split in the sum of the mixed spin1-spin2 termĤ ADM S1S2 (known up the NNLO term included)
, (29) and the spin-squared termĤ 
Actually one has also in this case a NNLO knowledge, but in the Effective-Field-Theory (EFT) picture, which to the best of our knowledge has not been translated in ADM yet [28] . We list below for completeness all these contributions by using the associated dimensionless variables (with c = 1)
as well as the notation
The orbital and the spin-orbit parts are given bŷ 
andĤ 
respectively, where the symbol 1 ↔ 2 stands for all the spin-dependent terms with the particle labels 1 and 2 exchanged (S 1 ↔ S 2 and ∆ ↔ −∆).
Finally, the spin1-spin2 part and the spin-squared part are given bŷ
respectively.
B. Computing the redshift invariant
The redshift invariant is defined as
where all phase-space variables (except to m 1 ) are kept as constant, so that one needs the total ADM Hamiltonian (24) (i.e., including the rest energy of the two bodies), with the physical units fully restored according to the relations (31) . Following Ref. [17] one then computes its orbital average
over a radial period, which is a gauge-invariant quantity. It is useful to introduce the new ADM radial variable parametrization along eccentric (equatorial) orbits
where u denotes the reciprocal of the semi-latus rectum and e the eccentricity. Both such quantities are coordinate-dependent and hence gauge-dependent. In order to compare the results with those of the previous section one has to express the redshift function in terms of gauge-invariant variables. We will proceed as follows. All quantities used in the calculation are expanded both in PN sense, i.e., in powers of η = 1/c, and in the spin variables up to the second order.
First of all, from the energy conservationĤ ADM = E one obtains p r as a function of E, L and u. Bound orbits at the periastron (χ = 0) and apoastron (χ = π) are characterized by the vanishing of the radial component of the spatial momentum, i.e., p r = 0, leading to the relations E = E(u, e) and L = L(u, e). The latter can then be inverted as
which allow one to express the gauge-dependent quantities u and e in terms of the gauge-invariant (physical) variables E and L. Next one determines the fundamental frequencies of the motion and associated periods, namely those of the radial and azimuthal motions
and finally the averaged value (38) of the redshift as a function of the gauge-dependent variables u and e. The latter should then be re-expressed in terms of a pair of gauge invariant variables, e.g., the total energy and angular momentum though Eq. (40). A convenient choice isk
which are simply related to the (fractional) periastron advance per radial period k = Φ 2π − 1 and the dimensionless azimuthal frequency x = (M Ω φ ) 2/3 . Computing these two quantities allows one to express u and e in terms ofk and ι, or equivalently ι and x. The transformation reads
whose first terms are listed below 
where we have used the spin variables χ 1 and χ 2 instead of S 1 and S 2 . The redshift invariant as a function of ι and x then turns out to be 
Eq. (4.4) in Ref. [30] is likely to propagate this omission too. The GSF contribution can be extracted by substituting the new variables y = (m 2 Ω φ ) 2/3 and λ = y/k, which are related to x and ι by x = y(1 + q) 2/3 and ι = λ(1 + q) 2/3 , respectively, into the previous expressions, expanding them in power series of the mass ratio q and selecting the first order terms. One then gets the 1SF part
which coincide with the GSF results for δU = − z 1 t /z 2 0 , with z 0 = U −1 0 , of the previous section.
C. Circular limit
Finally, let us discuss the circular orbit limit of previous results. The variables ι and x are not independent in this limit. Recalling the definition (43), in order to express ι as a function of x it is enough to use the relation k circ (x) for the fractional periastron advance (see Eqs. (9a)-(9h) in Ref. [32] ) 
